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A method is given for analyzing periodic processes .  

The problem of finding a periodic solution of a linear differential equation arises in the inw3stiga- 

tion of temperature fields in bodies subject to thermal sources varying periodically in time. The most 
widely used and highly universal method for solving such problems is that of trigonometric Fourier series, 
which, however, suffer from the fact that in many cases the series are poorly convergent. Moreover, in 
the majority of cases representation of the solution in the form of a trigonometric series is not clearly 
distinguishable and lends itself poorly to a qualitative study. 

The aim of the present paper is the formulation of a method which would enable us to find a repre- 
sentation of periodic solutions differing from that of Fourier series, and in those cases in which the 
periodic solutions admit a representation in finite form in terms of elementary or special functions, our 
method would enable us to find these representations. At the basis of our method are certain relationships, 
which tie in with the theory of trigonometric Fourier series. 

Consider a periodic function f(t) of period T. On [0, ~) we construct a function (p(t) satisfying the 

following conditions: 

1) 
~( t )  = }(t) ,  o <  t <  T; (1) 

2) the function 

(t)  = ~ (t)  - -  ~ (t  + T) ( 2 )  

is not identically zero;  

3) the Laplace t r ans fo rms  of the function ~(t) and ~,(t) exist 

(P)=S ~ (t) ~-~' at, (3) 
0 

m 

~(P) =S v (t) e-;" dr; (4) 
0 

4) the function ~(p) has no more  than a finite number of singular points coinciding with the points 

2n 
p , , = i  - -  n ( n = 0 ,  + 1, •  . . . .  ). 

T 

These conditions do not requi re  the function r to be uniquely defined on [T, ~). However in p rac -  
tice it is usually expedient to formulate  the function ~(t) through an analytic extension of the given function 
f(t) with the half-open interval  [0, T). 
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Applying the Laplace  t r an s fo rm a t i on  to Eq. (2) we obtain 
T 

v-(p) = (1-- eP r) ~ (p) + e"rf q~ (t) e - . t  tit. (5) 
o 

It  is evident f r o m  this that for  all  Pn = i (2~/T)n,  excluding those points coincident with s ingular  points of the 
function-~{p), we shall  have 

T 

(i 2n 2~ 

0 

(6) 

or,  equivalently,  

c ~ =  - 2 ~ -  v i - -  ' (7) 

where  the c n a r e  complex  F ou r i e r  coeff icients  of the function f(t). 

Based on the re la t ionsh ips  obtained, we now have a method,  differing f r o m  the c lass ica l  method of 
ha rmonic  analys is ,  consis t ing of the consecut ive  sa t is fact ion of the opera t ions  defined by Eqs. (2), (4), and 
(6). Moreover ,  sa t i s fac t ion  of these  opera t ions  in the r e v e r s e  o rder  furn ishes  a way to solve the inve r se  
prob lem - the p rob lem of ha rmonic  synthes is .  

We shall  speak of the function ,(t),  a s soc ia ted  with the per iodic  function f(t) by means  of the re la t ions  
(1), (2) under  the conditions (6), as  the d i f ference  function with r e spec t  to the per iodic  function f(t). 

The indicated a lgor i thms  for  ha rmon ic  analys is  and harmonic  synthes is  a r e  at  the bas i s  of the me th -  
od we p ropose  for  finding per iodic  solutions of l inear  different ia l  equations with constant coefficients.  For  
s impl ic i ty  we consider  below an o rd inary  different ia l  equation. The r e su l t s  c a r r y  over  au tomat ica l ly  to 
par t ia l  di f ferent ia l  equations with boundary conditions per iodic  in one of the var iab les .  

Along with the usual p roblem,  that of finding a per iodic  component  of the solution of the equation 

D r = f  (t) (8) 

(D denotes the operat ion of differentiat ion),  we consider  an aux i l i a ry  problem,  namely  that of finding the 
complete  solution of the equation 

Dx = v(t) (9) 

for  zero  initial conditions (Cauchy problem).  Here  D is the s ame  different ial  opera to r  as that appear ing  in 
Eq. (8), and u(t) is the d i f ference  function with r e s p e c t  to the per iodic  function f(t). 

With the r e su l t s  obtained above we can then show that under these conditions the function f(t), being 
a solution of the auxi l ia ry  p rob lem of Cauchy, is the d i f ference  function with r e s p e c t  to the periodic so lu-  
tion of the bas ic  problem.  This  is  then the main  resul t ,  permi t t ing  us to reduce  the prob lem of finding a 
per iodic  solution to the much s i m p l e r  Cauchy problem with the subsequent  solving of an equation of the 
f o r m  (2) with s ingle-valued conditions of the f o r m  (6). 

We note a lso  that if a solution b(t) of Eq. (9) is known when the r ight  m e m b e r  of Eq. (9) is a 6- 
function 5(t), and where  we have zero  init ial  conditions, then the periodic solution of Eq. (8) is given by the 
fo rmula  

T 

y ( t ) =  i ' f (~)~(t--T)d~,  O . • t < T ,  (10) 

where  ~ (t) is a per iodic  function of period T such that b(t) is a d i f ference  function with r e s p e c t  to it. 

For  a prac t ica l  computat ion of the in tegra l  (10) it is convenient to r e p r e s e n t  it in the f o r m  

t T 

9 (t) -~ ,i' f (T) b (t - -  ~) dr d- ,f. [ (~) ~ (t -{- T - -  ~) dr, (11) 
0 0 

where  fi(t) is defined by the equation 

~( t ) - -  ~(t-{- T) = b(t) (12) 
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TABLE 1 

Formula v (t) q~ U) 
number 

1 

t 

t n 

t~ 

the ~t 

In ~t 

t 1 
_ _ - - @ - -  

T 2 
1 ~- t T 

- - - -  ij . 

2T 2 12 
T~ ( t * 

n + l  B ~ + ~ \ ~ - )  

TC~;(__~, -T-)t \1" 

e c*t I 

1 - -  e ~  -]-  = T  

O'z ( e c~t l ') 
O:zn l - - e  aT l aT ,~ 

I I ' 1 In2r.~T 

* Bn(t/T ) are Bernoulli polynomials. 
$ g(--a, t T) is the generalized Riemann zeta-function. 

with single-valued conditions of the form (6). In Table 1 we display some solutions of Eq. (2). In forming 

this table the single-valued conditions (6) were imposed upon the desired function for all n > 0. For the 

constant component we used the condition 
T 

i' q; (t) ~t =o, (13) 
b 

which is associated with the fact that fairly often in practice one meets the case in which the point P0 = 0 

is a singular point of the functions -~(p) and 7(p), requiring the solution to be supplemented with a constant 

component. 

We consider several examples. We find an expression for the periodic temperature field in an in- 

finite insulated rod when its end face is subjected to a succession of point sources of period T. 

The function for a unit point source for such a rod has the form 
Xe 

oG(t, x) = Q ~  e 4~ (14) 
V s a t  

Expanding 5(t) in a Fourier series and knowing the soIution for each harmonic, we find an expression for 

the periodic temperature 

2- 2-, o- V'vT>. ( 2 =  . 

T h i s  s e r i e s  i s  s u i t a b l e  f o r  u s e  w h e n  x i s  no t  t oo  s m a l l ,  in  w h i c h  e a s e  t h e  c o n v e r g e n c e  i s  r a p i d .  A s  t h e  s u r -  

f a c e  i s  a p p r o a c h e d  t h e  s e r i e s  c o n v e r g e s  bu t  p o o r l y .  A t  t h e  end f a c e  the  s e r i e s  has  t h e  f o r m  

(21/2- ~.] cos T (16) 
%(o-  

r t ~ l  

Let us find an expression for the temperature at the end face using the method described in this paper. For 

this it is sufficient to solve Eq. (12) with the right member defined by Q/J TaT. Consequently we have 
(formula 4, Table i): 

j" ~ a W  y ,  , . ( 1 7 )  
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Natural ly ,  the express ions  (16) and (17) a r e  equivalent. We find an express ion  for  the s t eady - s t a t e  end- 
face  t e m p e r a t u r e  due to the act ion of a per iodic  heat source ,  defined over  one period as follows: 

Q = / Q '  O < t < a ,  

t O, a < t < T .  

Integrat ing Eq. (16) we find the solution in the f o r m  of a Fou r i e r  se r ies :  

_ ( 2 ;n  nna 
V - t T 

(18) 

Convergence  of the s e r i e s  (18) is  ve ry  poor.  Calculat ions ca r r i ed  out on the M-20 digital computer  show 
that  at some points 100,000 t e r m s  of the s e r i e s  is insufficient  to guarantee  convergence.  To obtain the 
solution by the method of this paper  we need to solve Eq. (2) with the left  m e m b e r  equal to 

We obtain the solution in the f o r m  

] t )_~( 1 t--a+T) 
2 ' T 2 ' ;r: - , O < t < ( ~ ,  

. - -  , , a < t < T .  
2 ' T , 2 T 

(19) 

In tegra l  r ep re sen t a t i ons  and power s e r i e s  a r e  avai lable  for  evaluating the genera l ized  l -funct ion.  

Consider  now a two-dimens ional  adiabat ic  problem.  We find an express ion  for  the per iodic  com-  
ponent of the t e m p e r a t u r e  field in the neighborhood of a point source .  The sou rce  s t rength  is  a per iodic  
function of the t ime;  over  the period [0, T] it grows l inear ly  with the time: 

Q ( t ) = Q t ,  O < t < T .  

The di f ference  function is  a constant,  

~(t) =--QT, 

and the per iodic  solution of the p rob lem due to a constant is well  known [1] and for  r 2 / 4 a T  < 0.01 is equal to 

'~( t ) - -  QT In 4at_ + 7QT (20) 
4ha r E 4ha 

The solution of the p rob lem stated is  obtained by solving Eq. (2) with the left m e m b e r  (20): 

~ , ( t ) =  QT [ lnP  ( ~ _ )  t ( 4aT ) 1 8 ~ a T  @ ]  (21) 
4s~-a- -t- -~- In r ~ y - - - ~ -  In r 2 ~- . 
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